The effect of a steady azimuthal magnetic field on rotating magnetic field current drive is studied. The configuration considered consists of an infinitely long plasma column with a finite radius conductor, which carries a steady longitudinal current, running along its axis. The ions are assumed to be fixed and the electrons are described using an Ohm's law that contains the Hall term. A fully two-dimensional computer code is developed to solve the resulting time-dependent equations. For some values of the steady azimuthal field, two steady-state solutions with different efficiencies are found.
I. INTRODUCTION
Rotating magnetic fields ͑RMFs͒ have been used to drive current in rotamaks 1 and field-reversed configurations ͑FRCs͒.
2 Although these devices generally operate without a stationary azimuthal ͑toroidal͒ magnetic field, some rotamak experiments included a conductor at the axis of the discharge vessel, 3 producing configurations which are similar to spherical tokamaks ͑STs͒. Due to the current interest in STs, which has prompted the construction of several new devices, [4] [5] [6] the development of RMF current drive as an efficient method for this concept would be of great importance.
Theoretical studies of RMF current drive have generally considered fixed ions and employed Ohm's law, with the Hall term, to describe the electrons. In configurations without a steady toroidal magnetic field, both stationary and time dependent solutions ͓in two dimensions ͑2D͔͒ have been obtained. 7 For these configurations, the effect of anisotropic resistivity and finite radius RMF coils has been also studied. 8 Theoretical studies in configurations with a steady toroidal field have been limited to the calculation of steady state solutions for cylindrical plasma columns having an infinitely thin wire that carries a steady longitudinal current along the symmetry axis. 9, 10 These studies assumed that, in steady state, the time-dependent part of all physical quantities can be represented using only the first Fourier harmonic ͓exp͕i(Ϫt)͖, where is the frequency of the rotating magnetic field͔. Solving the resulting set of nonlinear equations, which depends on a limited number of parameters such as resistivity, driving magnetic field, and external longitudinal current, Bertram 9 and Watterson 10 showed the possibility of driving a significant amount of current in the azimuthal direction.
Most previous theoretical studies of RMF current drive, both in configurations with and without a steady toroidal field, considered an infinitely long plasma column ‫‪z‬ץ/ץ(‬ ϵ0) and employed cylindrical coordinates. For simplicity, and to be able to compare with previous results, we use a similar geometry and the same coordinates system. However, unlike Refs. 9 and 10, we introduce a finite radius conductor at the center of the plasma column. This eliminates the singularity in the toroidal field at rϭ0 and allows for the use of boundary conditions which are similar to those corresponding to a tokamak at the inner plasma interface. We use the same physical model as in most previous theoretical studies, fixed ions and Ohm's law with the Hall term for the electrons, but employ a fully two-dimensional (r,) numerical code to solve the time-dependent problem. The same nondimensional parameters employed by Milroy, 8 plus the normalized steady toroidal field, are used. These parameters can be easily related to those employed by Watterson. 10 The structure of this paper is as follows. In Sec. II we present the physical model employed and derive the basic equations describing the evolution of the z components of the magnetic field and vector potential inside the plasma. In Sec. III we describe the numerical methods and boundary conditions used and in Sec. IV the results are presented. Finally, in Sec. V, we summarize and discuss our findings.
II. PHYSICAL MODEL AND ASSUMPTIONS
We consider the configuration shown in Fig. 1 . The infinitely long (‫ץ/ץ‬zϵ0) annular plasma column has inner radius r a and outer radius r b ͑zone II͒. Inside the column ͑zone I, rϽr a ) there is a uniform, stationary, axial current density that produces the vacuum toroidal field. The coils that produce the transverse, rotating magnetic field are assumed to be far from the plasma and their effect is introduced via the boundary conditions imposed at r c ͑zone III: r b ϽrϽr c , r c ӷr b ). The ions are considered to be fixed, the density of both species is assumed to be equal and uniform, and electron inertia is neglected. Using the following Ohm's law, which contains the Hall term but not the electron pressure gradient:
where is the plasma resistivity ͑assumed uniform͒ and n the density, and Maxwell's equations, a set of coupled equations for the z components of the magnetic field (B z ) and vector potential (A z , BϭٌϫA… can be obtained. Since the contribution of the uniform axial current to A z can be calculated analytically, we separate A z in two parts:
where A z,vac contains the contribution of the stationary axial current and A z,pl the contribution of the plasma and the external coils. Assuming that the rotating magnetic field produced by the coils can be written as
and normalizing the time with , the radius with r b , and the amplitude of the magnetic field with B , we obtain the following set of dimensionless equations: 
III. NUMERICAL METHODS AND BOUNDARY CONDITIONS
Previous numerical calculations in configurations without a steady toroidal field generally employed a Fourier expansion in ͑and in most cases used just a few harmonics͒. 7, 8 We will show later that when a steady toroidal field is present there could be a strong dependence that makes the use of such expansions less attractive. We developed a fully 2D (r,) finite differences code that employs a second-order Runge-Kutta scheme to advance the equations in time. The computational domain is divided in three regions, which generally have different grid spacing in the radial direction. In 0рr Ͻr a , region I, there is a uniform axial current and no plasma. Since A contains only the contribution of the plasma and the RMF coils, and the contribution of the axial current is calculated analytically, we have
Since there are no azimuthal or radial currents in this region, B must be uniform ͑but can be time dependent͒
Inside the plasma, r a Ͻr Ͻ1, region II, we solve Eqs. ͑3͒. In 1Ͻr Ͻr c , region III, there is vacuum and, therefore, B is uniform and A satisfies
Equations ͑4͒ and ͑5͒ are solved by inverting the sparse matrices obtained when Laplace's equation is written in finite differences. In Eq. ͑4͒, the point r ϭ0 is treated separately using local Cartesian coordinates to avoid the divergence of the cylindrical Laplacian operator. It is important to note that for each run of the code the matrix inversion needs to be done only once. We now discuss the boundary conditions used to solve Eqs. ͑3͒, ͑4͒, and ͑5͒ and the methods employed to calculate B in regions I and III. At r ϭr c , we set
where the exponential is introduced to allow for a slow ''turn on'' of the rotating field, as done by Hugrass, 7 and r c is taken large enough for the results to be independent of its specific value. The values generally used for 0 and r c are, respectively, 0.33 and 5. The value of 0 is always much smaller than the time needed to reach steady state and, hence, it does not affect the results. The value of r c is chosen so that any additional increase produces negligible changes in the results. The boundary condition introduced with Eq. ͑6͒ basically means that the coils which produce the RMF have an infinite radius and was employed for simplicity. At r ϭ1 and r ϭr a , the radial derivative of A must be continuous (B ϭ Ϫ‫ץ‬A z /‫ץ‬r), hence,
To obtain the results presented below, the value of B in region III was kept constant throughout the computation but it is also possible to introduce a flux conserver and adjust B after each time step to satisfy axial flux conservation. The exact value given to B in this region is not relevant because Eq. ͑3͒ only contains derivatives of B. In region I, B is uniform but not constant ͑in time͒ and we calculate its value using Stokes' theorem. Considering a circumference of radius r a ϩh, where h is the radial grid spacing in region II, we can write
where A is also normalized with B r b . Since B is uniform inside the circle of radius r a , we can write
shows that to calculate B(I) we need B(II), which is given by Eq. ͑3͒ and A (r a ϩh,). The equation for the evolution of A in region II is obtained from the component of Ohm's law, using EϭϪ‫ץ‬A/‫ץ‬t, and can be written in dimensionless form as
͑8͒
It can be seen that we only need A and B in region II to advance A (r a ϩh,) in time and calculate B(I).
The numerical algorithm employed is as follows:
͑1͒ The values of the basic dimensionless parameters, B tor , , and ␥, are fixed and the initial values of A, B, and A are defined. In general, the same value is given to B at all grid points and A is set equal to zero in regions I and II. In region III, A is defined as
where ⌬ is the time step. This is a solution to Laplace's equation in region III, which is consistent for large values of r c and short times with the boundary condition introduced in Eq. ͑6͒. ͑5͒ Equations ͑3͒ and ͑8͒ are advanced in time using the boundary conditions defined above. A small time step, ⌬ϭ(/4)ϫ10 Ϫ4 , was employed to obtain the results presented below.
Steps ͑3͒-͑5͒ are repeated until the equations are advanced up to the desired time. The code can also be started by initializing A, B, and A with any previous solution.
IV. RESULTS
Unless otherwise indicated, normalized quantities are employed in the plots presented below. The current density is normalized to B / 0 r b and the efficiency is defined as the ratio between the azimuthal plasma current and the current that would be produced if all the electrons rotate rigidly with frequency : Milroy, 8 this is due to the existence of hysteresis. When ␥ is increased, the RMF does not penetrate completely until a critical value is exceeded. However, once full penetration has been achieved, ␥ can be reduced significantly below this critical value before the RMF is expelled, and the efficiency reduced. A similar effect is shown in Fig. 2 , which presents a plot of the steady state efficiency as a function of the normalized, steady, toroidal field (B tor ) for ␥ϭ14.9, ϭ11.07, and r a ϭ0.15 ͓aspect ratio Aϭ(1ϩr a )/(1Ϫr a )ϭ1.35]. When B tor ϭ0, and a plasma column that has no azimuthal current is used as initial condition, the steady state efficiency obtained is ␣ϭ0.48. This value is similar, but not equal, to the value obtained for a FRC for the same values of ␥ and (␣ϭ0.42). 8 The small difference could be due to the different geometry ͑we are considering a hollow plasma column͒ and, in part, to the different numerical methods employed. As B tor is increased, the solution follows the low efficiency branch ͑dashed line in Fig. 2͒ until B tor reaches a critical value (B tor crit Х1.26). When B tor becomes larger than the critical value the efficiency of the steady state solution jumps to the full line in Fig. 2 and follows this line as B tor is increased further. However, when B tor is reduced, the steady state solution follows the high efficiency branch ͑dotted line in Fig.  2͒ , and a solution with efficiency equal to 1 is obtained for B tor ϭ0. This solution can be also obtained starting with ␥ ϭ16.6 and B tor ϭ0 ͑see below͒ and slowly decreasing ␥.
We note that in the low efficiency branch the efficiency initially increases when B tor increases and later decreases. This behavior was observed in the experiments 3 and also reported in Refs. 9 and 10. Another important remark regarding Fig. 2 is that although the efficiency decreases as B tor increases ͑in the high efficiency branch͒, the larger radius of a tokamak, compared with a FRC, could partially compensate for this reduction. Figure 3 presents a similar plot for ␥ϭ16.6 and the same values of and r a as in Fig. 2 . The efficiency obtained in this case for B tor ϭ0 (␣ϭ1) agrees with the value obtained for a FRC. 8 Two solutions can be observed for 0.53рB tor р0.77. As in Fig. 2 , the initial conditions determine the branch towards which the plasma evolves. Starting with a plasma without azimuthal current, the solution falls in the high efficiency branch ͑full line͒ when 0рB tor р0.53, in the low efficiency branch ͑dashed line͒ when 0.53Ͻ B tor р0.77, and back into the high efficiency branch when B tor Ͼ0.77. To obtain a high efficiency steady state solution with 0.53рB tor р0.77 ͑dotted line͒, it is necessary to start with a high efficiency solution having B tor greater than 0.77 ͑smaller than 0.53͒ and slowly decrease ͑increase͒ B tor . The two high efficiency and the two low efficiency solutions of Figs. 2 and 3 display a similar behavior when features such as RMF penetration, diamagnetism, azimuthal current profile, and dependence are analyzed. In what follows, we will consider two cases: the low efficiency regime of Fig. 2 , with ␥ϭ14.9, and the high efficiency regime of Fig. 3 , with ␥ϭ16.6.
In Refs. 7 and 8 it is shown that in configurations without a steady toroidal field, there is a direct relationship between the current drive efficiency and the degree of penetration of the RMF. The same experiments 3 that show an initial increase in efficiency as the steady toroidal field increases ͑see above͒ also show that RMF penetration continues to improve beyond the value of B tor where the efficiency reaches its maximum value. This behavior is also seen in Fig. 4 , which presents a plot of the averaged ͑over ) modulus of the transverse field (B tr ϭͱB r 2 ϩB 2 , where all the components of the magnetic field are normalized to B and B does not include the steady toroidal field component͒ as a function of radius for three values of B tor for the low efficiency branch of Fig. 2 . It is clear that RMF penetration improves as B tor increases. The minima in the curves for B tor ϭ0.5 and B tor ϭ1.15 occur at approximately the same radius where the current density reverses ͑see below͒. The effect of the steady toroidal field on RMF penetration for the high efficiency branch of Fig. 3 is shown in Figs. 5͑a͒ and  5͑b͒ . Figure 5͑a͒ is a plot plasma can be larger than outside, when B tor 0, and that its amplitude has a maximum as a function of B tor . This is seen more clearly in Fig. 5͑b͒ , which presents a plot of B tr (r ϭ0.175) vs B tor for ␥ϭ16.6 ͑high efficiency branch͒ and the same values of , and r a used above.
The dynamics of field penetration and current drive is also affected by the steady toroidal field. This is shown in Figs. 6 and 7 , which present plots of the current drive efficiency as a function of time for three values of the steady toroidal field. Figure 6 has ␥ϭ14.9 and corresponds to the low efficiency branch of Fig. 2 . Figure 7 has ␥ϭ16.6 and corresponds to the high efficiency branch of Fig. 3 . Figure 6 shows that although the final efficiency varies as B tor increases, the initial slope in the curves of efficiency versus time remains basically unchanged. A different behavior is shown in Fig. 7: when B tor ϭ4, the initial slope is significantly larger and saturation is reached sooner than for B tor ϭ0. When B tor ϭ8 saturation is also reached sooner, but due to the much lower final efficiency the slope is always smaller than for B tor ϭ0.
The effect of the steady toroidal field on the azimuthal current density profile is shown in Figs. 8 and 9 . Figure 8 presents a plot of the averaged ͑over ) azimuthal current density versus r for the low efficiency branch of Fig. 2 and three values of B tor . When B tor ϭ0 ͑full line͒ there is a large region, up to r Ϸ0.5, inside the plasma with negligible current density and a narrow region, r տ0.9, on the outside where the electrons rotate rigidly with frequency . When B tor ϭ0.5 ͑dashed line͒ the current density increases on the inside, in the region 0.3Շr Շ0.5, and decreases for r տ0.6, giving an overall increase in the total plasma current. Finally, when B tor ϭ1.15, the current density is comparable to that obtained with B tor ϭ0 for r Շ0.6 and significantly smaller at larger radius. Figure 9 presents a plot of the averaged azimuthal current density versus r for the high efficiency branch of Fig. 3 and three values of B tor . When B tor ϭ0 the electrons rotate with frequency and the efficiency is 1. As the steady toroidal field increases, a region with negligible, even reversed, current density appears, resulting in a reduction in the total current. As B tor increases further, the width of this region increases.
Experimental measurements in rotamaks with a steady toroidal field 3 and theoretical calculations in infinitely long plasma columns, also with a steady toroidal field, 9,10 have shown the existence of poloidal currents in the former and axial currents in the later, which are generally diamagnetic. We studied this issue for the two conditions indicated above. For the low efficiency regime of Fig. 2 there is a significant diamagnetic effect, which is shown in Fig. 10 . This figure presents a plot of the ratio between the averaged ͑over ) azimuthal field and the vacuum field as a function of r . For B tor ϭ0.5 the diamagnetic well extends from r Ӎ0.3 to the outer plasma boundary, with a maximum reduction in the total field of over 20% ͑compared with the vacuum value͒. For B tor ϭ1.15 the width and depth of the well decrease but the diamagnetism continues to be significant. For the high efficiency branch of Fig. 3 , with ␥ ϭ16.6, the diamagnetism is negligible, as shown in Fig. 11 .
Previous theoretical studies in configurations with a steady toroidal field 9, 10 assumed that in steady state the timedependent part of all physical quantities can be described using only the first Fourier harmonic. To check this approximation we investigated the dependence of A and B with respect to Ϫ, in steady state. In all the cases analyzed the main contribution to the Ϫ dependence of A comes from the first harmonic. There are, however, clear differences between the high and low efficiency branches. For the high efficiency branch, the Ϫ dependence can be approximated almost exactly using only the first harmonic, while for the low efficiency branch higher-order harmonics also contribute. This can be seen in Fig. 12 , which presents plots of A(r ϭ0.85) vs ͑fixed , well after a steady state situation has been reached͒ for two cases: the full line has B tor ϭ4 and ␥ϭ16.6 and corresponds to the high efficiency branch, and the dashed line has B tor ϭ0.5 and ␥ϭ14.9 and corresponds to the low efficiency branch. The Ϫ dependence of B is similar for the high and low efficiency branches. B tor and also with the radial position. When B tor ϭ0 there is a gentle oscillation that could be approximated fairly well with a cos͓2(Ϫ)͔ dependence at all radii. This is in agreement with the approximation usually employed in theoretical analysis of RMF current drive in FRCs, where it is assumed that B has only even harmonics. Increasing B tor , a localized maximum which has a large contribution from higher-order harmonics appears at large radius. At small radius, the dependence can be approximated using a simple sin(Ϫ). This can be seen in Fig. 13 , which presents a plot of B vs ͑fixed ) for B tor ϭ4 and ␥ϭ16.6 ͑high efficiency branch͒ at various radii. The complicated structure of B ͑and j) implied by Fig. 13 requires further investigations. As expected, exactly the same plots are obtained if we fix and vary .
V. SUMMARY AND DISCUSSION
As a first step towards assessing the possibility of using RMF current drive in STs, we studied the effect of a steady toroidal field on this method. Our work presents two main improvements when compared to previous studies. The first is the use of a configuration which, albeit 2D, includes a hole at the center of the plasma, thus providing a better representation of a tokamak. The second is the use of a fully 2D numerical code which solves the time-dependent equations obtained from the basic physical model without further assumptions.
Although we did not attempt to make a detailed comparison with the experimental results of Ref. 3 , it is clear that many of the qualitative features observed in these experiments are reproduced by the low efficiency branch of Fig. 2 . Our results show that for some values of the external toroidal field, there are two steady state solutions with different efficiencies. When the steady toroidal field is large compared to the rotating field, the case of interest for STs, the efficiency is small but the total current could still be significant if operation at frequencies of the order of 10 6 Hz is possible. Further studies should be done to find the best operating regime for STs and the corresponding efficiency and required power. In addition, two fluid models should be developed to remove some of the most critical assumptions of the present physical model.
After this work was completed, two new papers 12, 13 have been published on RMF current drive in FRCs. These papers show that the axial equilibrium condition is a key ingredient to explain important features of the experimental results ͑i.e., the fact that the RMF penetrates only to the field null 2 ͒. In addition, Ref. 13 uses a magnetohydrodynamics model with finite ion flow, thus removing some of the most critical assumptions of previous studies. Clearly, the importance of these effects in configurations with a steady toroidal field needs to be addressed. (␥ϭ16.6, ϭ11.07, and r a ϭ0.15) .
